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Abstract 
Brown, R.F. and H. Schirmer, Nielsen coincidence theory and coincidence-producing maps for 
manifolds with boundary, Topology and its Applications 46 (1992) 65-79. 
Nielsen coincidence theory is extended to manifolds with boundary. For X and Y compact 
connected oriented n-manifolds with boundary, and for mapsf: X + Y and g: (X, ax) + ( Y, a Y), 
a coincidence index-which is a local version of Nakaoka’s Lefschetz coincidence number-and 
a Nielsen coincidence number are defined and their properties explored. As an application, 
coincidence-producing maps g are characterized if Y is acyclic over the rationals and many new 
examples of coincidence-producing maps are constructed. 
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1. Introduction 
Given functions f; g : X + Y, a coincidence off and g is a point x E X such that 
f(x) = g(x). Coincidence theory is a generalization of fixed point theory, where g 
takes the place of the identity function. Although coincidences can be studied in 
Correspondence to: Professor Schirmer, Department of Mathematics, Carleton University, Ottawa, 
Ont., Canada K15 5B6. 
* Research partially supported by NSERC Grant A 7579. 
0166-8641/92/$05.00 0 1992-Elsevier Science Publishers B.V. All rights reserved 
66 R.F. Brown, H. Schirmer 
very general settings, it is only when X and Y are both compact, connected orientable 
n-dimensional manifolds without boundary that a Nielsen coincidence theory based 
on algebraic topology has been developed. There is a Nielsen number N(f, g) that 
is a lower bound for the number of coincidences of f’ and g’ for any maps f’, 
g’: X + Y homotopic to f and g, respectively and if n 3 3, then N(f, g) is a sharp 
bound in the sense that there exist such f’ and g’ with exactly N(f; g) coincidences. 
We will extend this Nielsen coincidence theory to the case that X and Y have 
nonempty boundaries. However, in this setting, we must put some restriction on 
the type of homotopies of maps that we permit. The problem that arises is illustrated 
bythemapsJ;g:[-l,l]+[-l,l] wheref(x)=Oandg(x)=x,forallxE[-l,l]. 
Since the graphs off and g are transverse at (0, O), the coincidence x = 0 should 
certainly be “essential” in any definition of the term, yet an unrestricted homotopy 
of g, taking it to a constant function different fromf; would eliminate the coincidence. 
Observe that the map g carries the boundary of C-1, l] to itself. If we restrict 
ourselves to homotopies of g that have that same boundary-preserving property, 
then we have overcome this problem because any map homotopic to g by means 
of such a homotopy obviously must have a coincidence with any selfmap of [-1, 11. 
Therefore, throughout this paper we work in the category B whose objects are 
ordered pairs X, Y of compact, connected oriented n-manifolds with nonempty 
boundaries aX and a Y and whose morphisms are ordered pairs L g : X + Y of maps 
where g maps boundary to boundary. That is, g : (X, 8X)--z ( Y, 8 Y) is a map of 
pairs, but, in general, f is not required to have this property. We represent an 
element of B as an ordered 4-tuple (X, Y, i g). For a homotopy F : X x I --z Y, define 
f; :X + Y, for t E Z, by f,(x) = F(x, t). We say that (X, Y,f, g’) E B is B-homotopic 
to (X, Y, f, g) if there are homotopies F : X x Z +Y,withf,=f,f,=f’,andG:(Xx 
I, aX x I) + ( Y, a Y), with g, = g, g, = g’. Thus each (X, Y,fr, g,) belongs to B and 
we call (X, Y, F, G) a B-homotopy. 
For maps f, g : X + Y between compact orientable n-manifolds without boundary, 
Lefschetz (see [7]) defined an integer, the Lefschetz number L(A g), and proved 
the Lefschetz Coincidence Theorem which implies that if L(f, g) f 0, then there is 
a coincidence off’ and g’ for every pair of maps f’, g’: X + Y where f’ and g’ are 
homotopic to f and g respectively. In [ 1 l] the coincidence index, a local version 
of the Lefschetz number, was used to define the Nielsen coincidence number N(f, g) 
and prove a “minimum theorem” when X and Y are triangulated n-manifolds 
without boundary, n 2 3, that shows the Nielsen number is a sharp lower bound, 
as we stated above. An important consequence of the minimum theorem occurs 
when Y is simply-connected because then L(f, g) = 0 implies N(f, g) = 0 so there 
are f’ and g’ homotopic to f and g respectively that have no coincidence, that is, 
the converse of the Lefschetz Coincidence Theorem holds. 
Lefschetz [6] extended his coincidence number to the category B, but he was not 
completely successful in generalizing the Coincidence Theorem. In [9], Nakaoka 
used the double of a manifold with boundary to interpret the B-Lefschetz number 
in terms of the original Lefschetz coincidence number (see Theorem 2.1). The 
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Coincidence Theorem for B then follows from Lefschetz’s original result (see 
Corollary 2.2). In Section 3, we will use Nakaoka’s doubling construction to define 
a coincidence index that is a local version of the B-Lefschetz number and use it in 
Section 5 to develop a Nielsen coincidence theory for B. This means that our 
B-Nielsen number Ns(f; g) is a lower bound for the number of coincidences for 
all (X, Y, f’, g’) that are B-homotopic to (X, Y, f; g) (see Theorem 6.3). Furthermore, 
in Section 6 we prove a minimum theorem, when X and Y are triangulated 
n-manifolds with n 33, to produce such a (X, Y,f, g’) with exactly N,(J; g) 
coincidences. As a corollary, we obtain a converse to the Lefschetz-Nakaoka 
Coincidence Theorem for B when Y is a Jiang space and so, in particular, when 
Y is simply-connected (see Corollary 6.4). 
In fixed point theory, deformations of spaces, that is, maps in the homotopy class 
of the identity map, have particularly attractive properties. For a triangulated 
manifold, with or without boundary, there is always a deformation with a single 
fixed point and, if the Euler characteristic of the manifold is zero, then there is a 
fixed point free deformation [16]. This holds without any restriction either on the 
dimension of the manifold or its fundamental group. This result was extended in 
[ll] to coincidences, when the manifolds X and Y are triangulated and without 
boundary, as follows. Let g : X + Y be any map, then there is a deformation g’ of 
g, that is, a map g’:X+ Y homotopic to g, that has a single coincidence with g 
and if L(g, g) = 0, then g’ can be chosen to have no coincidence with g. In this 
paper, we obtain the corresponding result for triangulated manifolds with boundary 
(Theorem 6.2). 
Section 7 is devoted to applying our Nielsen coincidence theory in order to extend 
the theory of coincidence-producing maps to the category B. A map g : X + Y is 
coincidence-producing [ 131 if every map f: X + Y has a coincidence with g. This 
concept generalizes the fixed point property and indeed coincidence-producing 
maps to Y can exist only if Y has the fixed point property. The same concept was 
developed independently by Holsztynski who called such maps universal [3]. It was 
shown in [12] that for B” the n-ball, n 22, a map g:(B”,dB”)-+(B”,dB”) is 
coincidence-producing if and only if g,: H,(B”,aB”)~H,(B”,aB”) is a nonzero 
homomorphism. We extend this result to maps g : (X, ax) + ( Y, 8 Y) where X and 
Y are triangulated n-manifolds with boundary and Y is acyclic over the rationals 
Q. As a consequence, we obtain many new classes of coincidence-producing maps. 
We also extend some results of Holsztynski to the manifold with boundary setting. 
In his dissertation [ 11, Brooks defined a Nielsen coincidence theory for all maps 
f; g : X + Y of all topological spaces, but his theory did not specialize to the existing 
theory when X and Y are compact orientable manifolds without boundary of the 
same dimension, primarily because the key concept to an “essential” coincidence 
class did not depend on a local coincidence index. In order to obtain a form of his 
theory that does specialize, he defined a coincidence index that exists in very general 
settings, for instance whenever X and Y possess universal covering spaces, but 
actual calculations required that Y be a compact orientable manifold without 
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boundary, although X need not be restricted. There were no minimum theorems in 
[l] to show that the lower bound Brooks obtained can be realized by maps in the 
homotopy class off and g. 
Halpern defined a very general version of the Lefschetz coincidence number in 
[2] and in Section 6 of that paper he sketched a local coincidence index theory. 
The applications of the theory are, as in Brooks’ dissertation, primarily concerned 
with mappings of more general kinds of spaces into compact orientable manifolds 
without boundary. Halpern does not define a Nielsen number in [2]. 
Holsztynski [4,5] generalized the coincidence result of [ 121 considerably, but the 
range is still a ball rather than an acyclic manifold with boundary. Mukherjea [8] 
has extended the Lefschetz coincidence theory for B with particular reference to 
differentiable manifolds. 
We thank Mladen Bestvina, Robert Edwards, and David Gillman for helping us 
to construct the examples of coincidence-producing maps in Section 7. 
2. Lefschetz-Nakaoka coincidence theory 
We begin by recalling the coincidence theory of Lefschetz [7, p. 3211. Throughout 
this paper, homology and cohomology will have rational coefficients. Let X be a 
compact connected oriented n-manifold without boundary, then we denote the 
Poincare duality isomorphisms by D,(X): H”-“(X)+ H,(X). Given two such n- 
manifolds X and Y, and mapsf, g : X + Y, define, for each q = 0, 1, . . . , n, the linear 
transformation On-“(f, g) : HnpY(X) + H”-q(X) as the composition 
The Lefschetz coincidence number L(f; g) of these maps is defined by 
L(f, g) = C (-1Y’ Tr[~n--y(f, s)l, 
y=o 
where Tr denotes the trace. The Lefschetz Coincidence Theorem states that if 
L(f, g) # 0, then f and g have a coincidence. 
Now let X be a compact connected oriented n-manifold with nonempty boundary 
ax, then there are Lefschetz duality isomorphisms 6’,(X) : Hnp4(X) + H,(X, ax). 
For (X, Y, f, g) E B, Lefschetz [6] modified his definitions as follows. Linear transfor- 
mations 8-y (f; g) : H”-q(X)+ H”-“(X) are the compositions 
V(X)= IfJX, ax) 8* -Hq(Y,aY) 
s H”V( y)z H”_“(X) 
and the B-Lefschetz coincidence number LB(f, g) is 
L,(f, g) = I? (-I)“-’ Tr[e*n-q(f, g)l. 
q=o 
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For (X, Y,f; g) E I?, let -X denote the manifold X with the opposite orientation. 
The double 2X of X is the oriented manifold without boundary obtained from 
X v -X by identifying each x E aX with the corresponding point of -X, which we 
denote by --x. Let r: 2X + X be the retraction defined by r(x) = r(-x) = x. Letting ,. 
i: Y + 2Y be the inclusion of Y into its double, define f = ifr: 2X +2 Y. Since g 
takes dX to a Y, we can form the double of that map, 2g :2X + 2 Y, by 2g(x) = g(x) 
and 2g(-x) = -g(x). Nakaoka showed that 
Theorem 2.1 [9,8.1]. LB(f; g) = L(l2g). 
Thus if L,(J; g) # 0, by the Lefschetz Coincidence Theorem, T(x) = 2g(x) for 
some x E 2X. However, since the image off is in Y, we see that x E X and therefore 
f(x) = g(x). This implies the following result, which was proved by Lefschetz [6] 
using a quite different argument that required some technical restrictions on the maps. 
Corollary 2.2 (Lefschetz-Nakaoka Coincidence Theorem). If (X, Y,f; g) E B such 
that LB(f, g) # 0, then f and g have a coincidence. 
3. The coincidence index for B 
We begin by assuming the hypotheses of Lefschetz coincidence theory, that is, 
of maps J; g : X + Y where the n-manifolds X and Y are without boundary. Denote 
the coincidence set off and g by 
Coin(f, g) = Ix E X If(x) = g(x)). 
Suppose W is an open subset of X such that W n Coin(f, g) is compact. Let V be 
an open set containing W n Coin(f; g) such that cl( V) c W. The inclusionj : ( W, W - 
V) + (X, X - V) is an excision. Define (J; g) : W+ Y x Y by (f; g)(x) = (f(x), g(x)) 
and let A( Y) be the diagonal in Y x Y. We consider the composition 
H,(X)3 If,(X, x- V)i;‘- H,( w, w- V) (LK)* -H,,(Yx Y, Yx Y-A(Y)) 
where i, is induced by inclusion. Let p E H,,(X) be the fundamental class of X, 
then following the exposition in [ 151, the coincidence index off and g on W, which 
we here denote by Z( W;f; g), is defined by 
I( W;f; g) = ( UY, (f; g)*_&‘&(p)) 6 z 
where U, is the Thorn class of Y and (,) denotes the Kronecker index. 
For (X, Y,i g) E I?, suppose W is an open subset of X such that the set Wn 
Coin(f; g) is compact. By analogy with Nakaoka’s approach, we define a coincidence 
index for B, written iB( W;f; g), by letting 
G( W;f; g) = I(r-‘( W); j; 2g). 
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The index is well defined since Coin(j 2g) = Coin(L g) and the independence of 
the choice of the subset V is proved as in [15]. We will make use of the following 
properties of the coincidence index i n, which follow from the corresponding proper- 
ties of the index Z [15, pp. 178-1791: 
l Additivity: If W = W, u W, u . . ‘u W, is a disjoint union of open subsets of 
X such that W, n Coin(A g) is compact for each j, then 
iB(W;f,g)=CiB(y;f,g). 
l Homotopy invariance: If (X, Y, F, G) is a B-homotopy such that 
[Ur Coin(f,, a)1 n W is compact, then iB( W;fO, g,) = i,( W;f,, g,). 
l Existence of coincidences: If iB( W;f, g) # 0, then f(x) = g(x) for some x E W. 
A subset S of Coin(i g) is an isolated set of coincidences if it is compact and also 
an open subset of Coin(f, g). In that case, we can find W, an open subset of X 
such that W n Coin(A g) = S and we define i,(S;A g) the index off and g on S, 
by iu(S;f, g) = iB( W;f, g). The definition is independent of the choice of W by the 
additivity property. In case S = {p}, a single point of X, we call p an isolated 
coincidence and denote the index at p by in(p;f. g). 
Theorem 3.1 (Removability). Suppose p E int(X) is an isolated coincidence such that 
f(p) = g(p) = q is in int( Y). If iB( p;J; g) = 0, then p can be removed, that is, there 
exists a neighborhood U of p with U n Coin(f, g) = {p} and a mapf’ : X + Y homotopic 
to f relative to X - U such that U n Coin(f’, g) = 8. 
Proof. Let U c int(X) and VC int( Y) be neighborhoods of p and q respectively 
for which there are orientation-preserving homeomorphisms h : (cl( U), p) + (B”, 0) 
and k : (cl( V), q) + (B”, 0) onto the unit ball in [w”, where 0 denotes the origin. We 
may choose U and V so that U nCoin(J; g) = {p} and f(cl( U))u g(cl( U)) is 
contained in V. Define 4 : S’-‘+ S”-’ to be the composition 
S”-llll_au’ 
cl(V)xcl(V)-A(V)=+B”xB”-A(B”) 
F+ B” -0: g-1 
where F(x, y) =i(y -x) and r denotes radial projection. As in [15, pp. 182-1831, 
it can be shown that iB( p;J; g) = deg(4) so the hypothesis implies that 4 is of 
degree zero and therefore it extends to a map @ : B” + S”-‘. Identifying cl( U) and 
cl(V) with B” via the homeomorphisms h and k, the map 4 is of the form 
g(x) -f(x) 
4(x) =Ilg(x) -f(x)11 
and we define f’ on B” by .f’(x) = g(x) - a(x)@(x), where a : B” + (0, ~0) has the 
properties that a(x) is small enough so thatf’(x) is in B” and a(x) = ]lg(x) -f(x)11 
for XGJB”. 0 
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We relate the coincidence index to the B-Lefschetz coincidence number by 
means of 
Theorem 3.2 (Normalization). i,(X;f; g) = L,(A g). 
Proof. By definition, i,(X;J; g) = I(2X;x 2g) so [15, Theorem 6.131 and a well- 
known property of the Lefschetz coincidence number (cf. [ 15, Exercise 4, p. 1841) 
imply that 
&(X;J; g) =C (-l)‘Tr[O,(~ 2g)l= C-1)” C (-l)qTr[~,(2g,_f)1 
Y Y 
,. 
where 0,(2g, f) : Zf,(2X) + H,(2X) is defined to be the composition 
I 
4(2X)3h f&(2 Y) 5 H-4(2 Y)Z yy2X)1)“(2x! f&(2X). 
Representing 0,(2g,j) as a composition 0,(2g,j) = tiI,(2g,f)D,(2X), where 
$,(2g,f) =p*n,(Z Y)-‘(2g),, from Section 2 we have Ofldy(j 2,s) = 
D,(2X)+:(2g,f) so, by the commutativity property of the trace, Tr[0,(2g,f)] = 
Tr[BnmY(f, 2g)]. Since (-l)y = (-l)-‘, by Theorem 2.1 
is(X;f;g)=(-1)“~(-l)-YTr[B”~q(~2g)J=L(~2g)=LB(~gg). •i 
4. Coincidence classes 
The results of this section hold with few restrictions on the spaces X and Y, but 
we can continue to think of them as manifolds since that is the setting in which the 
results will be used. For maps f; g: X + Y, points x,,, x, E Coin(f; g) are said to be 
Nielsen equivalent, written x,, - x, , if there is a path (Y : I+ X from x,, to x, such 
that f~ is homotopic in Y to ga relative to the endpoints. An equivalence class C 
is called a coincidence class. 
Given a homotopy F: X x Z + Y, let the map F: X x Z + Y x Z be defined by 
F(x, t) = (F(x, t), t). If A c X x Z is any set, then for each t E Z we define 
A,={xEXj(x, t)EA}. 
The following two results are easy extensions of [14, Lemmas 1 and 21 
Lemma 4.1. Let F, G : X x Z + Y be homotopies and let C be a coincidence class of F 
and G. Then for each t E Z, either C, = P, or C, is a coincidence class off; and g,. 
Lemma 4.2. Let F, G : X x Z + Y be homotopies and suppose for some t E Z that C”’ 
is a coincidence class ofA and g,, then there is a unique coincidence class C of F and 
G such that C , = C”‘. 
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A space Y is a Jiang space if given any loop w in Y with w(O) = w( 1) = yO, there 
is a homotopy A : Y x Z + Y such that A0 and A, are the identity map of Y and 
A(yo, t) = w(t) for all f E I. 
Theorem 4.3. Suppose f, g : X + Y are maps, where Y is a Jiang space. Given x0, x, E 
Coin(f, g), there exist homotopies F, G : X x I + Y with f0 = f, = f and g, = g, = g such 
that (x,, 0) and (x, , 1) are in the same coincidence class of F and G. 
Proof. Let (Y be any path in X from x0 to x, and let p be the loop in Y at 
y,,= f(x,,) = g(xO) defined by 
P(f) = 
P(2f) 
if 
for 0s t S$, 
a(2-2t) for+sf<l. 
Since Y is a Jiang space, there is a homotopy A : Y x Z + Y such that ho and A, are 
the identity map of Y and A(yo, t)=p(t) for all tE1. Define F,G:XxZ-+ Y by 
setting 
Fb, t) = 
1 
A(f(x),2t) for 0~ ts$, 
f(xj 
for ts f s 1, 
while G(x, t) = g(x) for all f. Let (Y* : Z + X x Z be the path defined by 
a*(t) = 
i 
(x0, t) for 0s tC+, 
(a(2t-l),t) forestal. 
The path Ga”: I+ Y x Z is given by Ga*( t) = (ga( t), t). The paths Fa* and Ga* 
are homotopic in Y x Z relative to the endpoints (yO, 0) = F(x,, 0) = G(x,, 0) and 
(VI, l)=F(x,, l)=G(x,, 1). 0 
5. The Nielsen number for B 
Let (X, Y,f, g) E B. We observed above that Coin(f, g) = Coin(l2g) and in fact 
the coincidence sets behave the same with respect to Nielsen equivalence: 
Lemma 5.1. The coincidence classes of Coin(f, g) are identical to those of Coin(i 2g). 
Proof. If x0, x, E Coin(f, g) = Coin( i 2g) are Nielsen equivalent as coincidence 
points off and g, then they are certainly Nielsen equivalent as coincidence points 
of j and 2g as well, so it remains to prove the converse. So assume we have x0 and 
x, in Coin(f, 2g), a path cy : I + 2X from x0 to x, and a homotopy H : Z x Z + 2 Y 
L1 
such that h,= fa, h, = (2g)q h,(O) =x0 and h,( 1) =x1. We also have retractions 
r : 2X + X and r’ : 2 Y + Y. Observe that r’(2g) = gr because, by the definition of 2g, 
r’(2g)(-x) = r’(-g(x)) = g(x) = gr(-x). 
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We consider the homotopy K = r’H : I x Z + Y and note that 
while K, = r’(2g)a = g(m) and since K,(O) = X, and I, = x,, we may use the path 
ra : Z + X to conclude that x,, and x, are Nielsen equivalent as coincidence points 
off and g as well. 0 
If X and Y are compact manifolds, with or without boundary, then the coincidence 
classes are isolated sets of coincidences, so there must be a finite number of them 
[ 11, Satz V]. The Nielsen coincidence number N(l2g) can be defined for the maps 
i 2g : 2X + 2 Y as in [ 111: a coincidence class C is essential iff Z( C; 2 2g) # 0 and 
N(j 2g) is the number of essential classes. In the same way, for (X, Y,f; g) E B, let 
Ns(J; g) be the number of essential coincidence classes C off and g, that is, those 
for which iB( C;f; g) # 0. Let W be open in X such that W n Coin(f; g) = C then 
A 
r-‘( W) n Coin( f, 2g) = C and therefore from the definitions 
Thus from Lemma 5.1 we have 
Theorem 5.2. Zf (X, Y,J; g) E B, then Ns(f; g) = N(j 2g). 
Theorem 5.3. Zf (X, Y, F, G) is a B-homotopy, then N,(f,, g,) = N,(f,, g,). 
Proof. The hypothesis gives us homotopies F : X x Z + Y and G : (X x Z, dX x I) -+ 
( Y, d Y). By [ 11, Satz VII], the existence of the homotopies i’, 2G: 2X x I+ 2 Y 
given by x = ifr : 2X + 2 Y and (2g), :2X + 2 Y implies that N(fO,, 2g,) = N(f, ,2g,). 
The result then is immediate by Theorem 5.2. 0 
Corollary 5.4. For every (X, Y,f, g’) that is B-homotopic to (X, Y,J; g) there are at 
least Ns(f, g) points x E X for which f’(x) = g’(x). 
Theorem 5.5. Zf (X, Y, f; g) E B where either Y is simply-connected orJ; g : X + Y are 
homotopic maps, then 
0, ifbAf,g)=O, 
3 if Mf, g) # 0. 
Proof. Under either hypothesis there is only one coincidence class and its index is 
LB(i g) by Theorem 3.2. 0 
The homotopy invariance property of the index iB stated in Section 3 can be used 
as in the proof of [ 14, Lemma 31 (see also [ 1, p. 811) to obtain the corresponding 
result for the category B: 
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Lemma 5.6. Let (X, Y, F, G) be a B-homotopy and let C be a coincidence class of 
F,G:XxI-, Yxl, then is(C,;fo,g,)=is(C,;fi,g,). 
We note that Lemma 5.6 can be used to give an alternate proof of Theorem 5.3. 
Lemma 5.6 and Theorem 4.3 together imply 
Theorem 5.7. Suppose (X, Y,f; g) E B where Y is a Jiang space. If LB(J; g) = 0, then 
N&f, g) = 0. 
A theorem of Brooks calculates Ns(f, g) for maps into a Jiang space when 
L,(f, g) # 0, as follows: 
Theorem 5.8 [l, Corollary 37, p. 561. Suppose (X, Y,f; g) E B where Y is a Jung 
space. IfL,(f, g) f 0, then Nn(J; g) is the order ofthe cokernel off, - g,: H,(X; Z) + 
H,( Y; Z), where homology is with integer coejficients. 
6. Minimum theorems 
For the rest of this paper, we assume that all manifolds are triangulated. Let d 
denote the barycentric metric and recall that, for E > 0, an s-homotopy is a homotopy 
F: X x I+ Y such that d(f,(x),ft(x)) < E for all x E X and all t, t’E I. 
Theorem 6.1. Given (X, Y, f, g) E B and e > 0, there is a map f’ : X + Y e-homotopic 
to fsuch that Coin(f’, g) is jinite. 
Proof. By using a collar of 8X in X, we can find a map f, that is ia-homotopic to 
f such that fi maps X into int( Y). Choose F* with 0 < E* G e and small enough so 
that d(fr(X), aY) 2 E*. It follows from [ll, Satz II] that f, is $&*-homotopic to a 
mapf# : 2X + 2 Y such that Coin(f”, g) is finite. By choosing F* so small, we assure 
thatf# takes X (as a subset of 2X) into Y, so letf be the restriction off# to X. 0 
We next extend the classical theory of fixed points of deformations of manifolds 
to the setting of coincicence theory for manifolds with boundary. 
Theorem 6.2. If X and Y are compact, triangulated oriented n-manifolds with nonempty 
boundaries, n z 2, and g : (X, ax) + ( Y, 8 Y) is a map, then there exists f: X + Y 
homotopic to g such that Coin(f; g) is a single point. If Ln(g, g) = 0, then f may be 
constructed so that Coin(f, g) is empty. 
Proof. For every E > 0, there exists f’: X + Y homotopic to g that maps X into 
int( Y) in such a way that d (f’(x), g(x)) < E for all x E ax. Hence a map f: X + int( Y) 
homotopic to f’ can be constructed as in the proof of [ll, Satz VIIIa] (with A = X 
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in 2X) so that Coin(f, g) contains at most one point. If &(g, g) = 0 and Coin(J; g) = 
{p}, then since f is homotopic to g, we have L,(f, g) = 0 so is( p: x g) = 0 by the 
additivity property of the index and Theorem 3.2. In this case, we can modify f by 
Theorem 3.1 so that Coin(f, g) = 0. 0 
The minimum theorem for coincidences in the category B is 
Theorem 6.3. Suppose (X, Y,J; g) E B where X and Y are of dimension n 3 3. There 
exists (X, Y,S, g’) E B that is B-homotopic to (X, Y,f; g) with the property that 
Coin(f’, g’) contains exactly Ns(f; g) points. 
Proof. By using collars of both aX and aY, we may assume both that f maps X 
into int( Y) and that g not only maps aX into d Y but it also takes int(X) to int( Y). 
Furthermore, by Theorem 6.1 we may assume that Coin(J; g) is finite. Now let 
x0,x, E Coin(x g) (which is contained in int(X)) such that x0-x,. We choose a 
path (Y : Z + int(X) so that fa is homotopic to ga relative to the endpoints. Noting 
that fa, ga : I+ int( Y), we observe that we may use the construction from [ll, 
Section 61 to unite these to one coincidence. Thus we can arrange for each coin- 
cidence class to contain a single point. Applying Theorem 3.1 to the inessential 
classes completes the construction off and g’. 0 
As a consequence of Theorem 6.3, we have the following converse to the Lefschetz- 
Nakaoka Coincidence Theorem (Corollary 2.2 above). 
Corollary 6.4. Suppose (X, Y,A g) E B where X and Y are of dimension n 2 3 and 
either Y is a Jiang space or f and g are homotopic. If L,(f; g) = 0, then there exists 
(X, yf, g’) that is B-homotopic to (X, Y,f; g) such that Coin(f’, g’) = 0. 
Proof. If Y is a Jiang space, then Ns(f; g) = 0 by Theorem 5.7 while if f and g are 
homotopic, we obtain the same conclusion from Theorem 5.5. 0 
7. Coincidence-producing maps 
A map g : X + Y is said to be coincidence-producing [ 131 if every map f: X + Y 
has a coincidence with g. (Maps with this property are called universal in [3].) From 
this point of view, a space X has the fixed point property if and only if the identity 
map g : X + X is coincidence-producing. In this section, we study coincidence- 
producing maps g : (X, ax) + ( Y, a Y) where X and Y are both compact, connected 
oriented triangulable n-manifolds with nonempty boundaries. 
76 R.F. Brown, H. Schirmer 
A coincidence-producing map g : (X, ax) + ( Y, a Y) must certainly be onto and 
when n = 1 it is easy to see that this condition is also sufficient. But, in general, this 
is not the case. It was shown in [ 121 that if X = Y is the n-ball B”, then g : (B”, all”) + 
(B”, al?“) is coincidence-producing if the restriction of g to 8B” is essential, that 
is, it induces a nonzero homomorphism from H,,-,(aB”) to itself. More generally, 
Holsztynski [4,5] proved that a map g : X + B” from a compact, connected oriented 
n-manifold X to the n-ball is coincidence-producing if and only if g : (X, gP’(aI?“)) + 
(B”, 8B”) induces a nonzero homomorphism 
g” : H”(B”, 8Bs”) + H”(X, g-‘(8B”)) 
where H” denotes the nth Tech cohomology group with integer coefficients. We 
will show that the B-Nielsen coincidence theory we developed earlier in this paper 
permits us to explore results like Holsztynski’s without restricting ourselves to maps 
into n-balls. However, we still must put strong restrictions on the range manifold 
Y since, as we noted in the Introduction, coincidence-producing maps into Y can 
exist only if Y has the fixed point property. We therefore restrict ourselves to the 
study of coincidence-producing maps g : (X, 8X) + ( Y, a Y) where Y is acyclic over 
the rationals Q. 
Theorem 7.1. Let g : (X, 61x) + ( Y, ~3 Y) where X and Y are compact, connected oriented 
triangulable n-manifolds with nonempty boundaries. 
(i) If n = 1, then g is coincidence-producing if and only if it is onto. 
(ii) If n Z= 2 and Y is Q-acyclic, then g is coincidence-producing if and only if 
g, : H,(X, ax) + H,( Y, a Y) is a nonzero homomorphism. 
Proof. The case n = 1 is easy, so we assume the hypotheses of (ii). Since Y is 
Q-acyclic, then H,( Y, a Y) = 0 for q # n so it is immediate from the definition that 
Ln(S, g) = Tr[$‘(f; g)]. But then from the definition of the e^“my(f, g), it is clear that 
Tr[ e^o(f, g)] = 0 if and only if g, is the zero homomorphism, independent of the 
choice of the map f: Therefore, if g, is a nonzero homomorphism, there is a 
coincidence by the Lefschetz-Nakaoka Coincidence Theorem (Corollary 2.2). Con- 
versely, if g, is the zero homomorphism, then in particular LB(g, g) = 0, so g is not 
coincidence-producing by Theorem 6.2. 0 
Theorem 7.1 implies that the coincidence-producing property is homotopy 
invariant in this setting when n > 2 (though certainly not when n = l), that is 
Corollary 7.2. Let g : (X, ax) + ( Y, d Y) be a coincidence-producing map, where X 
and Y are compact, connected oriented triangulable n-manifolds with nonempty boun- 
daries, n 2 2, and Y is Q-acyclic. Then every map g’ : (X, ax) + ( Y, a Y) homotopic to 
g as a map of pairs is also coincidence-producing. 
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There are many examples of compact orientable triangulable Q-acyclic manifolds 
with boundary. For instance, let 2” be a homology n-sphere and let e be an open 
n-cell in I”, then Y = 2” - e is acyclic over the integers and therefore over Q as 
well. A class of examples that is acyclic over Q only is Y = LZkm’ -e, where L2’-’ 
is a generalized lens space. Another type of example can be constructed from a 
group G that is perfect, that is G/[ G, G] = 0, and has a representation with equal 
numbers of generators and relations. Writing G = {a,, . . . , a,; R, , . . . , R,}, con- 
struct a 2-complex KG in the following way. Let S’(m) be the l-complex consisting 
of m loops joined at a base point, with the loops labeled a,, . . , a,. Form the 
complex Kc; by adjoining 2-cells e,, . . , e, to S’(m) by mapping each de, to S’(m) 
according to the word I$. Embed KG. in Euclidean n-space, n 3 5, and let Y = B( KG) 
be a regular neighborhood of KG, then Y is a triangulable acyclic n-manifold with 
boundary in which r,( Y) = G. A specific example of this construction can be found 
in [9], where G -{a, b; a-‘(bu)‘, bP5(bu)2}. 
Any self-homeomorphism of a space with the fixed point property is coincidence- 
producing but Corollary 7.2 implies that for Y a compact orientable triangulable 
Q-acyclic manifold with boundary, a map g : ( Y, d Y) + ( Y, a Y) homotopic, as a 
map of pairs, to a homeomorphism of Y is coincidence-producing. For instance, 
boundary-preserving deformations of any of the examples above are coincidence- 
producing. 
To find coincidence-producing maps g : (X, ax) + ( Y, d Y) with X # Y, let Y be 
a compact orientable triangulable Q-acyclic n-manifold with boundary and let 
g : X + Y be a covering space with fiber k points. Then X is compact and g is 
boundary-preserving since it is a local homeomorphism. Also, g,: H,(X, 8X)+ 
H,,( Y, a Y) is nonzero because if z x and zy are the fundamental classes of X and 
Y respectively, then g,( zx) = kz,. Thus g is coincidence-producing by Theorem 7.1. 
For a specific example, let _I? denote the Poincare sphere and take Y = C’- e, 
where e is an open 3-cell in 2’. Now let p: S’ + I3 be the universal covering space 
and take X = S3 -p-‘(e), then g =p(X is a coincidence-producing map. By the 
same construction we obtain coincidence-producing maps g : S*‘-’ -p-‘(e) -+ 
L 2kmI - e to the punctured generalized lens spaces. Another type of example can be 
obtained from the acyclic manifolds Y = %(K,) described above. Let I-I be a 
subgroup of the group G, of finite index. Let g : X + Y be the covering map with 
fiber G/H, then g is again coincidence-producing. 
We conclude with two theorems about coincidence-producing maps in our setting 
that correspond to results of Holsztynski from [5] concerning coincidence-producing 
maps from n-manifolds to n-balls. He proved the following “composition” theorem: 
if X is a compact, connected oriented n-manifold, with or without boundary, and 
mapsg,:X+E”andg,,g, ,..., g,:B” + B” are all coincidence-producing, then so 
also is the composition map g, . . . g,g,g,: X + B”. Our corresponding result is 
Theorem 7.3 (Composition). Let X,, X2 and X3 be compact, connected oriented 
triunguluble manifolds with nonempty boundaries, all of the same dimension n 2 2, 
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and suppose X2 and X3 are Q-acyclic. The maps g, : (X, , ax,) + (X,, 8X,) and 
g, : (X2, 8X2) + (X3, aXI) are coincidence-producing if and only if the composition map 
g,g, : (X, ,8X,) + (X3, 8X3) is coincidence-producing. 
Proof. Immediate from Theorem 7.1 since (g,g,)* = (g,),(g,),. 0 
Holsztyfiski also proved that if X, and XZ are compact, connected orientable 
manifolds, with or without boundary, and B, and B2 are n,-balls, with nk = dimXk 
for k = 1,2, then maps g, : X, + B, and g2 : X2 + B2 are coincidence-producing if and 
only if the product map g, x g, : X, x X2 + B, x B, is coincidence-producing. We will 
prove a similar “product” theorem for maps between manifolds with boundary. 
Recall that if X and Y are manifolds with boundaries aX and ~3 Y, then X x Y is 
a manifold with boundary a(X x Y) = (X x d Y) u (8X x Y). Thus if X, , X2, Y, and 
Y2 are manifolds with boundary and we have maps gk : (Xk, aXk) + ( Yk, a Yk) for 
k = 1,2, then the product map g, x g,: X, x X2 + Y, x Y2 takes boundary to boundary. 
Theorem 7.4 (Product). Let gk: (Xk, 8X,)+ (Yk, f3Yk), k = 1,2, be maps between 
compact, connected oriented triangulable manifolds with nonempty boundaries where 
dim X, = dim Yk = nk 3 2 and the Yk are Q-acyclic. Then g, and g, are coincidence- 
producing if and only if the product map 
g, x g,: (Xl x x2, acx, xX2)) + ( K x y2, a( y, x Y2)) 
is coincidence-producing. 
Proof. By the Kiinneth Theorem, Y, x Y2 is Q-acyclic and, from that theorem, 
K,+n,W, x x2, ax, x X2)) - Kl+nz( y, x y2, a( y, x Y2)) (g,xgz)* 
commutes, where the vertical lines represent isomorphisms. Thus we can see that 
(g, x g,), is a nonzero homomorphism if and only if both (g,), and (g2)* are nonzero 
homomorphisms. Theorem 7.1 then completes the argument. El 
To see that Theorem 7.4 requires the hypothesis nk 2 2, let X, , X2, Y, and Y2 all 
be the interval 1, let g, be the identity map of I, and define g, : Z + Z by 
g2(x) = 
i 
2x 
for 0s t<i, 
2-2x for$StSl, 
then g, and g2 are coincidence-producing because they are onto. On the other hand, 
g,(dZ) = (0) SO (g, x g2)(8(Z x I)) # a(Z x I) and therefore 
(8, x g,), : ff2(I x 4 a(1 x 0) + ff,(I x 1, d(Z x 0) 
is the zero homomorphism so g, x g, is not coincidence-producing by Theorem 7.1. 
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